Mixing of bound and unbound levels  by von Brentano, P. et al.
Physics Letters B 534 (2002) 63–68
www.elsevier.com/locate/npe
Mixing of bound and unbound levels
P. von Brentano a, R.V. Jolos a,b,c, H.A. Weidenmüller d
a Institut für Kernphysik, Universität zu Köln, 50937 Köln, Germany
b Bogoliubov Laboratory of Theoretical Physics, Joint Institute for Nuclear Research, 141980 Dubna, Russia
c Institut für Theoretische Physik, Justus-Liebig-Universität-Giessen Heinrich-Buff-Ring 16, D 35392 Giessen, Germany
d Max Planck Institut für Kernphysik, Heidelberg, Germany
Received 8 November 2001; received in revised form 16 February 2002; accepted 20 February 2002
Editor: J.-P. Blaizot
Abstract
We consider a system of two discrete levels coupled to a channel. The levels are close to threshold. We investigate the
influence of the channel threshold on positions and widths of the levels. We introduce a simple parameterization of the
energy dependence of the coupling matrix elements. Simple examples demonstrate the importance of this dependence.
 2002 Published by Elsevier Science B.V.
PACS: 21.10.Re; 21.60.Ev
The mixing of bound and unbound levels [1,2]
poses an important and interesting problem, with
applications to many areas of physics. In this Letter,
we specifically have in mind an application to weakly
bound halo nuclei. Here, the bound levels often lie
close to the threshold of one or several channels. The
problems which arise in this context have, to the best
of our knowledge, not been fully addressed so far.
We consider the mixing of two (rather than many)
levels. This case has served [3] as a paradigm in
terms of which the general case can be discussed and
qualitatively understood.
The two-level problem has been investigated in
numerous papers. Recent investigations [3] address
crossing and anticrossing relations for energies and
widths [4,5] and properties of the Riemann surface
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generated by the dependence of two interacting res-
onances on an external parameter [6,7]. In these pa-
pers, non-Hermitian effective Hamiltonians with con-
stant (i.e., energy-independent) parameters were used.
It is found that the mixing of a resonance with non-
vanishing width and of a bound state in the continuum
with zero width always leads to two resonances with
non-vanishing widths [3].
A novel situation arises when a resonance with non-
vanishing width is mixed with a bound state which
is energetically located below threshold. It is intu-
itively clear that in this case, the bound state will
remain bound. This is not what an effective Hamil-
tonian with energy-independent parameters predicts,
however. Hence, this problem calls for a suitable gen-
eralization of the model using an effective Hamil-
tonian. In this Letter, we use the method developed
by Mahaux and Weidenmüller in their book on the
shell-model approach to nuclear reactions [1]. This ap-
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proach allows for an explicit treatment of the contin-
uum. The approach is limited because it is confined
to two-body decay processes. This includes sequen-
tial decay but not instantaneous three-body fragmen-
tation. At the low energies which are of interest here,
such three-body fragmentation is a very rare process,
however. Hence we believe that our analysis covers the
cases of practical interest.
Following Ref. [1] we consider a system of 2
discrete states |j 〉, j = 1,2, coupled to a single
channel c with wave functions |χcE〉 where E denotes
the energy. The Hamiltonian for this system is taken in
the form [1]
H =
∑
j
|j 〉Ej 〈j | +
∑
i =j
|i〉〈i|V |j 〉〈j |
+
∞∫
ec
dE
∣∣χcE 〉E〈χcE∣∣
(1)
+
∞∫
ec
dE
(|j 〉〈j |V ∣∣χcE 〉〈χcE∣∣+ ∣∣χcE 〉〈χcE∣∣V |j 〉〈j |).
Here ec denotes the threshold energy. The functions
|χcE〉 are defined only for E  ec. The states are ortho-
normalized, 〈i|j 〉 = δij , 〈i|χcE〉 = 0, and 〈χcE |χcE′ 〉 =
δ(E − E′). The energies Ej of the quasi-bound
states |j 〉 may be smaller or larger than ec. When
the coupling 〈j |V |χcE〉 between quasi-bound states
and the channel is taken into account, the quasi-
bound states become bound states (if the resulting
eigenvalue of H lies below ec) or resonances. Time-
reversal invariance allows us to choose the matrix
elements 〈i|V |j 〉 and 〈i|V |χcE〉 real. We observe that
in Eq. (1), the continuum–continuum coupling is
neglected, i.e., there are no matrix elements of the
type 〈χc(E)|V |χc(E′)〉. This is done in order to
focus attention on the essentials. If the continuum–
continuum coupling were included, one would have to
diagonalize this part of the Hamiltonian as a first step.
As a result, one arrives at our Eq. (1), with a modified
meaning of the channel wave functions |χc(E)〉.
It is shown in Ref. [1] that both the eigenvalues
(bound states) and the resonances (poles of the scatter-
ing matrix) of H are given by the roots of the equation
(2)det{Dij (E)}= 0,
where
Dij (E)= (Ei − E)δij + 〈i|V |j 〉 + Fcij (E)
(3)=Heff − E · 1
and
(4)Fcij (E)=
∞∫
ec
dE′
〈i|V |χc
E′ 〉〈χcE′ |V |j 〉
E+ −E′ .
The matrix Fcji(E) can be written in the form
Fcij (E)= P
∞∫
ec
dE′
〈i|V |χc
E′ 〉〈χcE′ |V |j 〉
E −E′
(5)− ıπ〈i|V ∣∣χcE 〉〈χcE ∣∣V |j 〉,
where P stands for the principal value. For brevity, we
write
(6)Fcij (E)=∆c,ij − ıπ〈i|V
∣∣χcE 〉〈χcE ∣∣V |j 〉.
The operator Heff appearing on the right-hand side of
Eq. (3) is referred to as the effective Hamiltonian. Be-
cause of the coupling to the channel,Heff is, in general,
not Hermitian, and the roots of Eq. (2) are, therefore,
complex. We emphasize that both the matrix elements
〈χcE |V |j 〉 and the real and symmetric matrix ∆c,ij de-
pend upon energy E . When both levels lie far below
or far above threshold, it is a good approximation to
neglect this energy dependence, and this is commonly
done when the effective Hamiltonian is introduced. We
will show that in the present case—two levels close to
threshold—the situation is very different, and that it
is imperative to take the energy dependence of Fcij (E)
into account explicitly. Therefore, Eq. (2) has the same
form as but a very different content from the equation
describing the mixing of two levels with constant (i.e.,
energy-independent) interaction matrix elements. To
simplify the notation, we put ec = 0 in the sequel.
The two roots of Eq. (2) are
Eα = 12
(
E1 +E2 +∆c,11 + 〈1|V |1〉 +∆c,22
+ 〈2|V |2〉 − ıπ(〈1|V ∣∣χcEα 〉2 + 〈2|V ∣∣χcEα 〉2))
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(7)
±
{
1
4
(
E1 −E2 +∆c,11 + 〈1|V |1〉 −∆c,22
− 〈2|V |2〉 − ıπ(〈1|V ∣∣χcEα 〉2 − 〈2|V ∣∣χcEα 〉2))2
+ (〈1|V |2〉 +∆c,12
− ıπ〈1|V ∣∣χcEα 〉〈χcEα ∣∣V |2〉)2}1/2.
Eq. (7) allows us to study the dependence of the
widths and locations of the two levels on their mutual
coupling, and on their coupling to the channel c. To
proceed, we must parametrize the energy dependence
of Fcij (E). Since we are interested in complex roots, we
ask for the dependence of Fcij (E) on complex values
of E .
The elements of the matrix Fcij (E) each have a
discontinuity along the positive real E-axis. The values
of Fcij (E + ı) and of Fcij (E − ı) with E > 0 and
 > 0 differ by −2iπ〈i|V |χcE 〉〈χcE |V |j 〉. Therefore,
each element of Fcij (E), taken as an analytic function
of E , is defined not on the complex E-plane but rather
on a Riemann surface with several (at least two) sheets
and a branch-point singularity at E = ec = 0. We aim
at a simple parameterization which need be valid only
in the energy region of interest. This region is defined
as a narrow strip which is reached as one leaves
the real physical E-axis in the direction of negative
imaginary values of E . The strip is bordered from
above by the real E-axis, extends from real E values
below threshold to some point above threshold, and
has a width which is larger than the width(s) of the
resonance(s) produced by the coupling between the
quasi-bound states and the channel wave functions in
Eq. (1). We assume that in this narrow strip, the energy
dependence of the imaginary part of Fcij (E) is the same
as on the real E-axis, i.e., given by a penetration factor
Pc(E) [1],
(8)(2π)1/2〈j |V ∣∣χcE 〉= (Pc(ReE))1/2γjc.
Here γjc denotes the energy-independent partial-
width amplitude, and Pc(ReE) vanishes for ReE < 0.
The energy dependence of Pc(ReE) is determined by
the angular momentum and charge of the fragments
defining channel c. The parameterization implies that
there are no single-particle resonances in channel c.
We note that generically |〈j |V |χcE〉| increases from the
value zero at threshold ec to an approximately constant
value above the barrier. We use the same parameteri-
zation also for the matrix elements appearing under
the integral in the first term on the right-hand side of
Eq. (5). As a consequence, we find that near thresh-
old, the matrix ∆ij is practically constant: the main
contribution to the integral comes from values of E′
far above threshold (where the penetration factor is
about one), and it does not matter very much whether
E takes values above or below threshold, as long as
E remains close to threshold. Thus, we approximate
the shift matrix ∆ij by a constant matrix independent
of energy. To assess the goodness of these approxima-
tions, we point out that the imaginary parts of the ma-
trix elements Fcij (E) do not vanish generically except
for real values of E smaller than ec. In contradistinc-
tion, these imaginary parts are put equal to zero in the
third quadrant of the complex E-plane within our ap-
proximation. We are confident, however, that this ap-
proximation yields qualitatively significant results for
those values of E where we actually employ it, namely,
in the fourth quadrant of the complex E-plane and for
real values of E smaller than ec = 0.
Before the two state system is discussed in detail,
we want to discuss the one state system for clarity and
convenience. To do this we use Eq. (2) but we cancel
the coupling terms. We obtain a set of uncoupled
equations of which we discuss the one for state 1 only.
We obtain after introducing the penetrability Eq. (9):
(9)E1 =E1 +∆c,11 + 〈1|V |1〉 − ı2Pc(Re E1)γ
2
1c.
Thus if the real part of the energy is negative, the state
is bound and has no width (because the penetrability
vanishes). Conversely if the real part of the energy
is positive the state is unbound and has a width.
Thus a strong diagonal matrix element of the effective
residual interaction (∆c,11 + 〈1|V |1〉) can give a
resonance enough binding to make it a bound state.
An example, is the famous Thomas Ehrmann shift see,
e.g., Ref. [9].
It was remarked in the last paragraph that the pa-
rameterization used in Eq. (8) assumes that there are
no single-particle resonances in the energy region of
interest. Such resonances may play a role in the halo
nucleus 11Li, however, and it is important, therefore,
to extend our formulation in such a way that this case
is included. In Ref. [1] it is shown how to do this: the
single-particle resonance is replaced by a quasi-bound
state. This is accomplished by introducing the pro-
jector onto the normalized single-particle wave func-
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tion which approximates the resonance wave func-
tion in the domain of the single-particle potential. Re-
moving this wave function from the continuum states
and ortho-normalizing the remainder, one is led to a
description of the form employed above, the single-
particle resonance now appearing as one of the quasi-
bound states.
We use these approximations in Eq. (7). We observe
that in Eq. (7), ∆c,ii with i = 1,2 and ∆c,12 always
appear in the combination Ei + ∆c,ii + 〈i|V |i〉 and
〈1|V |2〉 +∆c,12, respectively. We label these energy-
independent linear combinations as E˜i (i = 1,2) and
〈1|V˜ |2〉, respectively. Then, Eq. (7) takes the form
Eα = 12
(
E˜1 + E˜2 − ı2
(
γ 21c + γ 22c
)
Pc(ReEα)
)
(10)
±
{
1
4
(
E˜1 − E˜2 − ı2
(
γ 21c − γ 22c
)
Pc(ReEα)
)2
+
(
〈1|V˜ |2〉 − ı
2
γ1cγ2cPc(ReEα)
)2}1/2
.
In the remainder of the Letter, we explore Eq. (10)
by looking at a number of special cases. Particularly
spectacular results are obtained by putting γ1c = 0.
Then,
E1,2 ≡E1,2 − ı2Γ1,2
= 1
2
(
E˜1 + E˜2
)− ı
4
Pc(ReE1,2)γ 22c
(11)
±
{
1
4
(
E˜1 − E˜2 + ı2γ2cPc(ReE1,2)
)2
+ 〈1|V |2〉2
}1/2
.
We note that in this case, mixing between levels 1 and
2 is due only to the bound-state mixing matrix element
v = 〈1|V |2〉 (see Fig. 1).
As our first case, we take E˜1 > ec, E˜2 > ec. As we
increase the mixing matrix element v in magnitude
(starting from zero), level 1 acquires a non-zero width
Γ1. This is due to the admixture of the second level
which has a non-vanishing width Γ2 to begin with
(width attraction). As a function of v2 the width Γ1
has a maximum at some value v20 of the mixing and
from here decreases to zero. This is because as v2
Fig. 1. Schematic representation of the dependence of the real parts
E1 and E2 of the roots E1 and E2 for the two mixing levels on the
square v2 = 〈1|V |2〉2 of the interaction matrix element. The upper
part presents the case illustrated in Fig. 2. The bottom part shows
the case illustrated in Fig. 3. Slashes indicate the widths.
increases, the level repulsion between levels 1 and 2
also grows. Eventually, the real part of the root E1
approaches the threshold energy ec from above, and
Γ1 vanishes. In Fig. 2 we demonstrate this behavior by
an example. For the energy dependence of Pc(ReE)
we used the form
√
0.23 ReE which is the s-wave
neutrons penetration factor.
The other parameters were E˜1 = 1 MeV, E˜2 =
2 MeV, γ 22c = 1 MeV. The threshold energy c was
chosen to be zero.
Our second case is that of two levels which are ini-
tially bound, i.e., E˜1 < c, E˜2 < c. Here the converse
happens: for sufficiently large values of v2, the upper
level is pushed above threshold, ReE2 > ec. The width
Γ2 vanishes as long as ReE2 < ec. But as ReE2 passes
the threshold, the width begins to grow. This case is
illustrated in Fig. 3 which shows Γ2 and ReE2 ver-
sus v2. The parameters of the calculation were E˜1 =
−2 MeV, E˜2 =−1 MeV, γ 22c = 1 MeV. The threshold
energy c was chosen to be zero. The same energy de-
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Fig. 2. Dependence of the energies E1 = ReE1 and E2 = ReE2
and of the corresponding widths Γ1 and Γ2 of the two levels on the
square v2 = 〈1|V |2〉2 of the interaction matrix element. Energies
and widths are given in MeV. For v2 = 0, both levels are above
threshold.
pendence as above was used. In the numerical exam-
ples illustrating Eq. (10), the coupling matrix element
V reaches values, which exceed sometimes the split-
ting between the “undisturbed” energy levels. This
may imply in many cases a breakdown of the two-level
approximation. Thus the observable effects are pre-
sumably weaker than the ones shown in the examples.
The influence of the coupling of quasi-bound states
to the continuum may be important for very weakly
bound halo nuclei. A particularly interesting case oc-
curs when the single-particle levels occupied by the
last valence particles lie in the continuum. This is the
case, for example, in the famous halo nucleus 11Li [8,
10]. The neighboring nucleus 10Li is unbound. A nat-
ural mechanism to produce, despite this fact, a bound
state in 11Li is this: the interaction among several un-
bound levels shifts one of them below threshold. This
seems possible because the energy gap between the
last bound state and the first resonance state is fairly
small. The reason is the great spatial extension of 11Li.
Of course there is in addition the energy shift due to
Fig. 3. Dependence of the energies E1 and E2 and the correspond-
ing widths Γ1 and Γ2 of the two levels on the square v2 = 〈1|V |2〉2
of the interaction matrix element. Energies and widths are given in
MeV. For v2 = 0, both levels are below threshold.
the effective diagonal residual interaction—discussed
above—among the two halo neutrons, which will also
give additional binding to 11Li. We want to add that
11Li may be a more complicated case for which
three body effects in the continuum may be important
Refs. [24,25].
This type of interaction involving the continuum
might have important consequences for the neutron
halo. An example, is the pairing interaction which
scatters pairs of neutrons not only into bound single-
particle states but also into the continuum. Pairing ef-
fects in halo nuclei have been discussed in Refs. [11–
18]. These authors did account of the influence of the
continuum in their calculations by using a discretized
set of states. Our approach differs from these Letters in
that we aim at an analytical model which allows for a
qualitative and semiquantitative understanding of con-
tinuum effects on the positions and widths of quasi-
bound states. We note further that there are some re-
cent detailed calculations using the shell model em-
bedded in the continuum see Refs. [19–23].
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Our analysis treats energies and widths on the same
footing and, in principle, can be used for a con-
tinuum shell-model calculation. In comparison with
bound-state calculations, we do not expect qualita-
tive changes but the numerical results may well be af-
fected. This is true at least as long as the strength of the
diagonal residual interaction or of the mixing between
levels is larger than the widths of the resonances.
In summary, we have extended the concept of the
effective Hamiltonian to the case where two levels lie
close to the threshold of a channel. In this case, it is not
possible to neglect the energy dependence of the cou-
pling between the levels and the channel. The resulting
equation for the positions of the levels treats energies
and widths on the same footing and has a simple phys-
ical interpretation. We have introduced a simple but re-
alistic parameterization of the energy dependence and
have investigated its consequences in some illustrative
cases. The extension of our scheme to several channels
(carrying different angular momenta, for instance) and
to more than two levels is straightforward.
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